Introduction
A non-conforming contact involves two bodies with dissimilar profiles. The dimensions of the contact patch ͑interface͒ between them are generally small when compared to those of the bodies. Non-conforming contact elements, such as gears and rolling bearings, usually operate under severe contact conditions. An overview of contact mechanics of non-conforming surfaces can be found in Johnson's book ͓1͔. The solution to contact problems should yield interfacial variables such as the contact pressure, gap, temperature rise, contact area, and rigid body motion. These variables are very useful themselves and essential for subsequent analysis. For example, the stresses within the body are found from the pressure distribution, while the rigid body motion may contribute to clearance changes.
Frictional heating of rough surfaces is inevitable in tribological contacts and is often responsible for failures such as scuffing, seizure, and cracking ͓2͔. The thermal information regarding contacts is necessary for studies of the interfacial activities in a tribological process ͓3-6͔. Investigating the coupled thermomechanical behavior of asperities, while considering of thermoelastic distortion, helps explore the effective methods for improving tribological design and preventing failure. Liu et al. ͓7͔ reviewed the recent advances in analyzing the contacts between rough surfaces. Due to the complexity of the interaction, rough-surfaces contact and frictional heating are usually treated separately by most researchers, and the related works may be grouped into three categories.
Isothermal Contact Between Rough Surfaces. The majority of the three-dimensional contact simulation models that consider rough surfaces did not take into account frictional heating ͓8-14͔. However, these models are very useful for determining the loadgap or load-area relationship ͓12,13,15͔. Some of these models have been successfully applied to solve mixed lubrication problem ͓16-18͔.
Thermoelastic Stress Analyses.
Mow and Cheng ͓19͔ investigated the thermal stresses caused by an arbitrarily distributed moving band heat source, using Fourier transform method and numerical integration. Mercier et al. ͓20͔ presented a finite element stress analysis to this same problem. The temperature field, which was the input of the finite element program, was calculated through numerical integration. Tseng and Burton ͓21͔ analyzed the thermal stresses in a plane stress problem. For a high-speed ͑10-15 m/s͒ moving heat source, Ju and Liu ͓22͔ found that the thermal stress was dominant and investigated the influence of the Peclet number on the location of the maximum thermal stress. Kulkarni et al. ͓23͔ presented an elasto-plastic finite element analysis with given mechanical and thermal loads. Goshima and Keer ͓24͔ considered a halfspace with a surface-breaking crack exposed to a heat source induced by a Hertzian pressure distribution. Most of these analyses were based on two-dimensional models. Huang and Ju ͓25͔ investigated the problem of thermomechanical cracking with a three-dimensional thermoelastic model and indicated that the two-dimensional theory might significantly underestimate the stresses, thus justifying the need for threedimensional models. The heat sources in these thermoelastic stress problems were specified beforehand, rather than through an interactive contact analysis.
Flash Temperature Analysis. Flash temperature has been studied as one of the major topics in tribology since Blok ͓26͔ and Jaeger ͓27͔. Recent works on flash temperature aim at systematic analyses of the temperature for different tribological problems. Tian and Kennedy ͓28͔ analyzed the surface temperature rise under different specified Peclet numbers and different given heat source shapes. Qiu and Cheng ͓29͔ investigated the temperature rise in a mixed lubricated contact, using a separate isothermal contact model to calculate the pressure distribution necessary for heat source determination. Gao et al. ͓30͔ presented a transient flash temperature model for rough surfaces, using the fast Fourier transform ͑FFT͒ technique to solve the heat partition problem, while obtaining the pressure distribution separately.
The studies of the contact problems between a single asperity and a halfspace can be found in literatures ͓5,25͔, most of which assumed a known pressure distribution, e.g., Hertzian pressure. Recently, Wang and Liu ͓31-32͔ developed a two-dimensional thermomechanical model of contact between two infinitely large rough surfaces, while simultaneously considering the thermal phenomena ͑steady-state heat transfer and the thermoelastic behavior͒, the mechanical response ͑elastic-perfectly-plastic behavior͒, and the interaction ͑the contact constraints͒. Both thermal and mechanical variables were determined using interdependent relations. The work reported in the current paper extends the twodimensional thermomechanical model for the contact of infinitely large surfaces to a three-dimensional thermomechanical model for non-conforming contacts. The discrete convolution-FFT ͑DC-FFT͒ algorithm ͓14͔ and the single-loop conjugate gradient method ͑CGM͒ ͓9͔ were used to efficiently obtain solutions. Modules are developed with the assistance of influence functions ͑ICs͒ or frequency response functions ͑FRF͒, which are analytically derived from halfspace solutions using the integral forms of the known Green's functions ͓1,3,33͔ for thermoelastic and elastic problems, respectively. Each module is numerically verified and thermomechanical performances of a point contact of rough surfaces are studied. However, the solutions presented in this paper are limited to steady-state heat transfer and small Peclet numbers.
Non-Conforming Contact Subject to Frictional Heating
A typical non-conforming contact problem ͑Fig. 1͒ may be described by the contact between two convex bodies. The surface can be digitized from a real engineering element with the assistance of a three-dimensional surface measurement instrument. The contact may be simplified ͓1͔ into an equivalent rough halfspace with combined material properties in contact with a ball that is rigid, smooth, adiabatic, and moving with velocity, V, as shown in Fig. 1 . Heat can be conducted into the fixed equivalent halfspace. In thermomechanical contact problems the normal surface displacement induced by frictional heating will contribute to the gap between the two contacting bodies, and hence affect the behavior of the contact. The following assumptions are made in the model development.
1 Each body can be considered as an halfspace because the contact area is relatively small.
2 The strains are small and the theory of linear elasticity applies. However, in order to produce more realistic results than a purely elastic contact analysis, an upper limit is commonly imposed upon the contact pressure ͓9,34-35͔. The limiting pressure, H, is usually determined by the hardness of the softer materials. This is referred to as the elastic-perfectly-plastic behavior of the material.
3 In the contact, normal tensile stress and penetration into the mating surfaces are not allowed, and the inertial and adhesion forces are neglected.
4 For simplicity, the heat conduction problem considered in this paper has a sufficiently small Peclet number ͑below 4͒ and both surfaces can be treated as quasi-stationary for thermal analyses. The heat source is equally divided between the two bodies if the materials are the same. All variables are independent of time.
5 The frictional shear is proportional to the normal pressure: sϭ f p, where the friction coefficient, f , is constant everywhere on the interface.
Each asperity in contact has to be subjected to the contact pressure, frictional shear, and frictional heating, under which the asperity should experience three kinds of normal displacements: u p , u s , and u t , respectively. The total displacement, u, is the summation of them. Figure 1 presents the contact geometry and Transactions of the ASME the rough surface, and illustrates an asperity under the combined actions of the pressure, frictional shear and frictional heating. The elastic normal surface displacement caused by the contact pressure, p(x 1 Ј ,x 2 Ј), is given by the Boussinesq formula ͓1͔
Obviously, the corresponding Green's function may be expressed as
where rϭͱx 1 2 ϩx 2 2 . The frequency response function is shown as follows:
where w 2 ϭ 1 2 ϩ 2 2 . If a unit uniform pressure distribution is assumed on a surface element whose center is on the origin and the size is 2⌬ 1 ϫ2⌬ 2 , the ICs,
where x u ϭx i ϩ⌬ 1 , x l ϭx i Ϫ⌬ 1 , y u ϭy j ϩ⌬ 2 , y l ϭy j Ϫ⌬ 2 and
The above ICs are axisymmetric and positive. If the mechanical properties of the contacting bodies are different, the normal surface displacement caused by the frictional shear, s(x 1 Ј ,x 2 Ј)ϭ f p(x 1 Ј ,x 2 Ј), may be considered, which is given as follows ͓1͔:
The corresponding Cerruti type of Green's function is expressed as
The FRF is found to be ͓14͔
By applying a unit uniform shear distributed on the same surface element, 2⌬ 1 ϫ2⌬ 2 , the ICs for the shear-induced normal surface displacement,
where
It should be mentioned that these ICs are antisymmetric and sign sensitive.
A heat flux, q(x 1 Ј ,x 2 Ј)ϭQ f p, applied on the surface can cause a temperature rise, T(x 1 ,x 2 ,x 3 ), in the entire halfspace, resulting in a surface normal displacement, u t (x 1 ,x 2 ). The uncoupled governing partial differential equations for steady-state heat conduction and thermoelastic displacements in a homogeneous medium are as follows:
where ͑,͒ are the Lamé constants;
is the fourth order tensor of the elastic constants; ␦ i j is the Kronecker delta; Roman indices range over 1, 2, 3; and ( ) , j ϭ‫(ץ‬ )/‫ץ‬x j . The temperature and thermoelastic boundary conditions for the surface are
where i j is the linear elastic stress tensor; n j is the j th component of the outward unit normal to the surface. The normal surface thermoelastic displacement is found to be ͓1,3,33͔:
where r 0 2 ϭx គ 1 2 ϩx គ 2 2 . It should be pointed out that a reference point, (x គ 1 ,x គ 2 ), is necessary, and the relative value between the observed point and the reference point is used in a similar way to the treatment for the Flamant problem ͓1͔. The Green's function and FRF are, respectively, written as
G 5 t ͑ 1 , 2 ͒ϭ Ϫd
The ICs may be obtained through an analytical integration 
Johnson ͓1͔ pointed out that an analogy exists between the steadystate distribution of surface temperature rise due to an arbitrary heat supply and the surface displacement distribution due to an arbitrary pressure. If 1/E* is substituted by 0.5 K and p by q in Eq. ͑1͒, the same module programmed for the surface elastic displacement can be used to evaluate the surface temperature rise. The Green's function, FRF, and ICs are analogous to Eqs. ͑2͒-͑4͒
Therefore, the total normal surface displacement, u, can then be calculated by the summation of u p , u s , and u t , which may be expressed in a continuous form or a discrete ͑matrix͒ form, respectively,
The surface temperature rise can be written as
or
The derivation so far presents two possible ways of solution: utilizing FRFs or ICs. The choice will be made in Section 3 through path comparisons.
With the information of the normal surface displacements, the governing equations for a thermomechanical contact problem can be expressed as follows for any surface point, (i, j)⍀ S , where ⍀ S is the computational domain and includes the contact regions, ⍀ C :
where z i j is the initial separation, ␣ the rigid-body approach, and F 0 the total applied normal load.
Solution Methods and Model Verifications
Normal Surface Displacement and Surface Temperature Rise. The governing Eqs. ͑26a-c͒ should be solved by an iteration process, which needs a repeatedly huge number of operations on the displacement-pressure equation. The multi-level multi- : "a… temperature rise due to the circular heat source "aÄ0.2 mm…; "b… normal thermoelastic displacement due to the ring heat source "aÄ0.2 mm…; "c… normal thermoelastic displacement due to the circular heat source "aÄ0.2 mm…; and "d… normal displacement due to the friction in the circular area "aÄ0.4 mm….
integration algorithm ͑MLMI͒ ͓8-9,38͔ reduced the number of operations from N 2 to the order of N log 2 N. The Fast Fourier Transform ͑FFT͒ technique ͓39͔ possesses the same advantage as MLMI, but has been increasingly applied in the mechanics field ͓10-14,40͔ because of its versatility. The FFT-based methods fall into two categories: ͑1͒ the continuous convolution and FT ͑CC-FT͒ method, and ͑2͒ the discrete convolution and FFT ͑DC-FFT͒ method. The CC-FT method uses FRF only and may need a computational domain four to eight times as large as the target domain. The second method is more straightforward because the discrete series requires the discrete convolution theorem and discrete Fourier transform, and uses either FRF or ICs. Zero padding and wrap around order are involved in the DC-FFT method and the computational domain is only twice of the target domain.
With the DC-FFT method ͓14͔, formulas of the spectral analysis for the total normal surface displacement and surface temperature rise are derived by the following procedure based on the discrete forms, Eq. ͑23͒ and Eq. ͑25͒, respectively. After zero padding and using a wrap-around order, the matrices of the ICs, D and D ⌬T , become D ᠪ and D ᠪ ⌬T , and the matrix of the pressure, p, becomes p ᠪ after zero padding alone. According to the discrete convolution theorem, applications of the discrete Fourier transform to Eq. ͑23͒ and Eq. ͑24͒ yield
The symbol ''"'' stands for a dot multiplication. The surface displacement, u, and the temperature rise, ⌬T, are then recovered from the inverse FFT
Two paths of the DC-FFT method-DC-FFT/ICs/Green's function and DC-FFT/FRF/conversion ͓14͔, are applicable to the current problem because both FRF and ICs are known in Section 2. The latter needs to first convert the FRF into ICs through a way proposed by Liu et al. ͓14͔ and is particularly suitable for problems with known FRF but unknown ICs. However, this conversion may incur an error. The former uses the ICs obtained from Green's functions and does not introduce further error beyond discretization ͓14͔. Both paths have been tested in the following module verifications.
(a) ⌬T Calculation. The surface temperature rise caused by a circular heat source ͑uniformly distributed within a circle, and the total heat rate, Q, is 0.2W͒ on a stationary body is studied. Although the analytical result is unavailable, the solution inside the circle with a sufficient accuracy can be obtained through a numerical integration ͓28͔:
where q 0 ϭQ/a 2 . The comparison is shown in Fig. 2͑a͒ , where the data from three methods are almost identical when rϽa.
(b) u t -Calculation. The normal surface displacements caused respectively by a ring heat source ͑uniformly distributed along the circumference, and the total heat rate, Q, is 1 W͒ and by the same circular uniform heat input used above are computed and compared with the analytical solutions ͓1,33͔:
for the ring problem 
where r 0 ϭ0.5 mm. The comparisons between the numerical and analytical results ͑Eqs. 30-31͒ for both cases are shown in Fig. 2 ͑b and c͒ with satisfactory agreement.
(c) u s Calculation. The normal surface displacement caused by the following frictional shear distributed inside a circle:
for rрa (32) is computed with the module in the current model. The result was compared with the following analytical result ͓1͔ with satisfactory agreement ͑Fig. 2͑d͒͒. 2-3 percent at the center of the domain. Therefore, the path of DC-FFT/ICs/Green's function should be used in the model with the formulation stated by Eqs. ͑27-28͒ and Eqs. ͑4, 9, 16, and 21͒.
Contact Problems. Polonsky and Keer ͓9͔ designed a fast single-loop iteration scheme based on the conjugate gradient method ͑CGM͒ and a multi-level multi-summation method ͑MLMS͒ to solve the isothermal contact problem. Their CGMbased iteration scheme is adopted into the current work and is extended to determine the contact information for the thermomechanical contact problem, while MLMS is replaced by the DC-FFT/ICs/Green's function algorithm. This paper calculates the total normal surface displacement by Eqs. 27͑a͒ and 28͑a͒ in order to maintain the efficiency of the single-loop CGM iteration scheme.
The load balance is automatically achieved in this single-loop iteration scheme. The overall convergence is controlled at a relative error of 2ϫ10 Ϫ5 , i.e. The contact verification and the rough surface performance analyses ͑which will be reported in the next section͒ are conducted for the point contact between a ball and an equivalent halfspace. The target domain is 1 mmϫ1 mm in size and is discretized into 128ϫ128 elements. The center of the ball coincides with the center of the domain. The materials of the original two bodies are typical carbon steels with the following properties: Young's modulus of 200 GPa, Poisson's ratio of 0.3, thermal expansion coefficient of 11.7 m/m°K, thermal conductivity of 50.2 W/m°K, and yield pressure of 1800 MPa. The distortivity is 0.303 m/W. The ball has a radius of 11.113 mm. The contact verification was carried out through calculating Hertzian contacts between smooth surfaces with given loads, and the numerical pressure results agree with the analytical Hertzian pressure function.
Performance of Surfaces in Thermomechanical Contacts
The surface performances in thermomechanical contacts are studied through comparing the pressures, gaps, and the surface temperature rise at different conditions. In order to show the results clearly, the gap is depicted only within the contact interface, and is normalized by the RMS roughness of the rough surface studied. The pressure is normalized by the pressure limit H, if the elastic-perfectly-plastic behavior is considered. The shear-induced normal surface displacements are zero because the contacting materials are the same for the cases studied.
Smooth Surfaces in Contact. The performance of smooth surfaces in contact is illustrated in Fig. 3 through comparing the pressure distributions obtained with and without considering the thermal effect. Under the same normal load, F 0 ϭ150 N, the isothermal solution renders a completely elastic pressure field while the thermomechanical solution predicts the occurrence of the elastic-perfectly-plastic behavior at the central part of the contact. Therefore, it is evident that the isothermal contact analysis tends to underestimate the contact severity.
Asperity Contact Without Considering the ElasticPerfectly-Plastic Behavior. Isothermal and thermomechanical solutions for surface No. 1 are plotted in Fig. 4 . The roughness has a transverse texture. Because there is no limit to the contact pressure, the contact analyses render unrealistically high pressure peaks. It can be seen that the temperature distribution is smoother than the pressure distribution. The following features are also observed from the plots shown in Fig. 4: 1 The thermomechanical analysis predicts a smaller contact region. Because the pressure, and thus the temperature, around the center of the contact region are higher, the thermal displacement of asperities there is larger. Consequently the asperities at the borders of the contact region may lose their contact with the mating surface.
2 The reduction of the contact region implies an increase of pressures in the central area of the contact because the same load is applied to both cases.
3 The growth of asperities in the central region makes the contact areas further interconnected as suggested by the reduction or even disappearance of some of the asperity valleys. On the other hand, the valleys along the contact edges may become deeper.
Asperity Contact Considering the Elastic-Perfectly-Plastic Behavior. The same numerical experiments are repeated with the enforcement of the yield condition and the results are plotted in Fig. 5 . The observations discussed above remain valid; however, due to the pressure limitation, the maximum nondimensional pressure can only be unity. The asperity growth results in an extension of the zones with the elastic-perfectly-plastic behavior, which can be clearly viewed on the pressure plot in Fig.  5͑b1͒ . The temperature distribution is smoother than that shown in Fig. 4͑c3͒ .
Influence of the Heat Factor. Surface No. 2 with an isotropic texture, which is shown in Fig. 6͑a͒ , is used for investigating the effect of heat flux, which is proportional to the heat factor, Q f , on the thermomechanical performance of rough surfaces. The plots in Figs. 6 and 7 present a progressive change of pressure and gap distributions as a function of the heat factor. Again, the same observations can be made. Doubling the heat factor nearly doubles the maximum surface temperature rise.
Conclusions
A thermomechanical asperity contact model for nonconforming contacts subjecting to a steady-state heat transfer has been developed. It includes the normal surface displacements caused by the contact pressure, frictional shear, and thermoelastic effect. Influence coefficients and frequency response functions for the elastic and thermoelastic displacements and temperature rise are investigated for model construction. Two Discrete Convolution-Fast Fourier Transform algorithms are tested and compared. The better choice has been proven to be the path of Discrete Convolution-Fast Fourier Transform/Influence Coefficients/Green's function with the formulation of influence coefficients stated by Eqs. ͑27-28͒ and Eqs. ͑4, 8, 16, and 21͒ . This model provides an efficient tool for solving the interfacial variables, which are important for mixed lubrication and other tribological problems.
The following conclusions may be made:
1 The contact region predicted by the current thermomechanical model is smaller than that by an isothermal contact model.
2 The reduction of the contact region implies an increase of pressures in the central area of the contact.
3 The asperity displacements in the central region can make the asperity contact areas further interconnected. On the other hand, the valleys along the contact edges may become deeper.
4 Isothermal contact analyses tend to underestimate contact severity. 
